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We present a theoretical analysis of a remarkable phenomenon evinced by a periodic
structurally chiral material—for example, a chiral sculptured thin film (STF) or a chiral
liquid crystal—with a central 908-twist defect illuminated with normally incident,
circularly polarized light. Based on the coupled-wave theory (CWT), an approximate
but closed-form solution of the relevant boundary-value problem is obtained in terms of a
4! 4 CWT transmission matrix. The CWT transmission matrix is decomposed into two
terms. The first term favours total transmission in the central part of the Bragg regime of
the axially excited, structurally chiral material, while the second term favours total
reflection in the whole Bragg regime. When the thickness of the structurally chiral
material is relatively small, the second term is dominated by the first, which gives rise to
a co-handed transmittance peak in the centre of the Bragg regime. As the thickness
increases, the second term becomes significant and interferes with the first term such
that the transmission matrix is isomorphic to that of a defect-free structurally chiral
material—except in a tiny wavelength-regime wherein the LN-norms of the two terms
become identical to engender the total-reflection feature. Hence, the co-handed
transmittance peak diminishes (and eventually vanishes) as the thickness increases
and is replaced by a cross-handed reflectance peak. The bandwidths of the two
peaks depend, in different ways, on the local birefringence of the structurally chiral
material.

Keywords: chiral liquid crystal; chiral sculptured thin film;
circular Bragg phenomenon; coupled-wave theory; structural chirality
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1. Introduction

Periodic, structurally chiral materials appear in nature (Neville & Caveney 1969;
Graham et al. 1993; Gould & Lee 1996). These materials can also be synthesized
as self-organized cholesteric liquid crystals (CLC) or nanoengineered as chiral
sculptured thin films (STF), through a variety of fabrication techniques (de Jeu
1980; Chandrasekhar 1992; Lakhtakia & Weiglhofer 1995; Hodgkinson & Wu
2001; Lakhtakia 2002). The constitutive dyadics of these materials are
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F. Wang and A. Lakhtakia2986
helicoidally non-homogeneous in the thickness direction, in effect describing
either a left- or a right-handed screw. As a result, such materials exhibit the
circular Bragg phenomenon: when circularly polarized (CP) light is normally
incident on a sufficiently thick slab of such a material, it is substantially
reflected—provided the handedness of the incident light is the same as the
structural handedness of the structurally chiral material and the free-space
wavelength of light lies in a restricted regime called the Bragg regime. In
contrast, light of the opposite handedness is scarcely reflected (Venugopal &
Lakhtakia 2000a). Thus, in this selective reflection band (de Vries 1951) such
materials behave as one-dimensional photonic bandgap structures for light of one
circular polarization but not for the other (Kopp et al. 1998). This CP-dimorphic
optical response property can be exploited for a variety of optical filters and
sensors (Jacobs 1992; Lakhtakia et al. 2001; Hodgkinson et al. 2002).

In general, structural defects in periodic materials produce localized modes of
wave resonance within the photonic bandgap or at the band edges. The localized
modes can be harnessed for low-threshold lasers, low-loss waveguides and
narrow-band filters in photonic systems (Haus & Shank 1974; Yablonovitch
1987) and are used extensively (Marz 1995; Iizuka 2002). Narrowband circular-
polarization filters have been fabricated recently by incorporating either a layer
defect or a twist defect in the centre of a chiral STF (Hodgkinson et al. 2000a,b)
following analysis for both chiral STFs (Lakhtakia & McCall 1999; Lakhtakia
et al. 2000) and CLCs (Yang et al. 1999). Also, lasing has been observed in CLCs
with central defects (Schmidtke et al. 2003).

As stated earlier, in the absence of the central defect, co-handed CP light is
substantially reflected in the Bragg regime while cross-handed CP light is not.
The central defect creates a narrow transmission peak for co-handed CP light
that pierces the Bragg regime. The spectral location of this peak can be
manipulated by varying the defect geometry; we assume in the following that the
peak lies in the centre of the Bragg regime and that the light is normally incident.
Furthermore, we assume that dissipation is negligibly small, so that electro-
magnetic energy is not absorbed within the device. Computer simulations show
that (i) the bandwidth of the narrow transmission peak begins to diminish and
(ii) an even narrower peak begins to develop in the reflection spectrum of the
cross-handed CP light as the device thickness increases. There is a crossover
thickness of the device at which the two peaks are roughly equal in intensity.
Further increase in device thickness causes the co-handed transmission peak to
vanish, while the cross-handed reflection peak gains its full intensity and then
saturates (Kopp & Genack 2002; Wang & Lakhtakia 2003). The bandwidth of
the cross-handed reflection peak is a small fraction of that of the co-handed
transmission peak displaced by it. By combining the twist and layer defects,
Hodgkinson et al. (2003) have shown that superior devices to exploit the
crossover phenomenon may be realized. As we have pointed out elsewhere (Wang
& Lakhtakia 2003), such a crossover phenomenon cannot be exhibited by the
commonplace scalar Bragg gratings and is unique to periodic structurally chiral
materials.

Kopp & Genack (2002) formulated the existence of a localized CP defect mode
to explain the crossover phenomenon when the central defect is a 908-twist about
the helical axis. But the electromagnetic modes in an axially excited CLC or
chiral STF are generally not circularly polarized (Nagle & Lakhtakia 1994),
Proc. R. Soc. A (2005)
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although phase-matching conditions can reduce cross-polarization (Hodgkinson
et al. 2002). Oldano (2003) pointed out that the defect mode has both localized
and non-localized components, although Kopp & Genack (2003) disputed that
assertion. Both Oldano and Kopp & Genack agreed that an analytical
explanation of the crossover phenomenon is greatly desirable.

Our purpose in this paper is to theoretically analyse the crossover phenomenon.
Therefore, we undertake an analysis of the central 908-twist defect in a chiral
STF; our analysis also applying to cholesteric and chiral smectic liquid crystals
(Parodi 1975; Chandrasekhar 1992). Our treatment is based on the coupled-wave
theory (CWT), which gives rise to approximate but closed-form solutions for
axial wave propagation in chiral STFs (McCall & Lakhtakia 2000, 2004). The
resulting closed-form expressions of the reflection and transmission coefficients
are subjected to mathematical analysis to elucidate the crossover phenomenon.

In this paper the following notation is employed. Column vectors are
underlined and enclosed within square brackets, while matrixes are double
underlined and similarly bracketed. The superscript T denotes the transpose,
while � and † denote the complex conjugate and the Hermitian adjoint,
respectively. The LN-norm of a matrix is denoted by k$kN (Lütkepohl 1996).
The symbols ½I � and ½I� represent 2!2 and 4!4 identity matrixes,

respectively. The Kronecker delta function is denoted by dp,q . An exp(Kiut)
time-dependence is implicit, with iZ

ffiffiffiffiffiffi
K1

p
, u as the angular frequency of light

and t as time.
2. Theoretical analysis

Let the region 0!z!2d be occupied by a chiral STF with a central twist defect of
f, while the half-spaces z%0 and zR2d are filled with a homogenous, isotropic,
dielectric medium of refractive index nr; see figure 1. The axis of non-
homogeneity (i.e. helical axis) of the chiral STF is parallel to the z -axis.
A plane wave is normally incident on the plane zZ0 from the lower half-space
z%0. As a result, the chiral STF is axially excited and reflection and
transmission occur in the two half-spaces.
(a ) Constitutive relations

The frequency-dependent relative permittivity matrix ½3ðzÞ� of the chiral STF
is factorable as (Venugopal & Lakhtakia 2000a,b)

½3ðzÞ�Z ½S
z
ðzÞ�½S

y
ðcsÞ�½3ref �½Sy

ðcsÞ�T½Sz
ðzÞ�T; 0!z!2d: (2.1)

As most STFs are locally orthorhombic, the reference relative permittivity 3!3
matrix is given by

½3ref �Z
3b 0 0

0 3c 0

0 0 3a

2
64

3
75; (2.2)

where 3a, 3b and 3c are implicit scalar functions of u. For simplicity, we only
consider non-dissipative chiral STFs in this work, for which 3a;b;c are real-valued.
Proc. R. Soc. A (2005)
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Figure 1. Schematic of the boundary-value problem involving a chiral STF with a central twist
defect of fs08 about the helical axis introduced between the otherwise identical upper and lower
halves. The angle of rise (with respect to the xy plane) of the helical nanowires in a chiral STF is
indicated by cs.
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Dissipation in the CWT formulation of §2b can be incorporated, but the
additional complications obscure the role of the central twist defect.

The unitary 3!3 matrix

½S
y
ðcsÞ�Z

cos cs 0 Ksin cs

0 1 0

sin cs 0 cos cs

2
64

3
75 (2.3)

represents the locally aciculate microstructure, with the angle csO08 being the
angle of the rise of helical nanowires in the chiral STF. Let us note that csZ08
and 3cZ3a for CLCs. For later convenience, we introduce

~3d Z
cos2cs

3b
C

sin2cs

3a

� �K1

; (2.4)

which, combined with 3c, suffices for the investigation of axially excited chiral
STFs (Venugopal & Lakhtakia 2000b).

The rotational non-homogeneity of the chiral STF is captured by the unitary
3!3 matrix

½S
z
ðzÞ�Z

cos ðpzCjÞ Kh sin ðpzCjÞ 0

h sin ðpzCjÞ cos ðpzCjÞ 0

0 0 1

2
64

3
75; (2.5)
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where pZp/U and U is the structural half-period. The parameter hZ1 for
structural right-handedness, while hZK1 for structural left-handedness. The
central twist defect is described through the angle

jZ
0; 0!z!d;

f; d!z!2d:

(
(2.6)

In the absence of the twist, the two halves of the chiral STF must be identical
(Haus & Shank 1974; Lakhtakia & McCall 1999); hence, NZd/U is set as an
integer. Furthermore, we set fZ908 so as to locate the crossover phenomenon
virtually in the middle of the Bragg regime. This agrees with previous numerical
studies as well as with a heuristic formula presented by Schmidtke & Stille (2003)
for cholesteric liquid crystals.
(b ) Coupled ordinary differential equations

The frequency-domain Maxwell curl postulates

curl½Eðx; y; zÞ�Z ik 0½H 0ðx; y; zÞ�;
curl½H 0ðx; y; zÞ�ZKik 0½3ðzÞ�½Eðx; y; zÞ�

;

)
0!z!2d; (2.7)

are a set of coupled partial differential equations (PDE). Henceforth, the
column 3-vector ½Eðx; y; zÞ� represents the electric field phasor, the column
3-vector ½H 0ðx; y; zÞ�Zh0½Hðx; y; zÞ�, where ½Hðx; y; zÞ� represents the magnetic

field phasor, h0Z
ffiffiffiffiffiffiffiffiffiffiffi
m0=30

p
is the intrinsic impedance of free space (i.e. vacuum),

k 0Zu
ffiffiffiffiffiffiffiffiffi
30m0

p
is the free-space wavenumber, and 30 and m0 are the permittivity

and the permeability, respectively, of free space.
As we consider the response of the chiral STF to a normally incident plane

wave, ½Eðx; y; zÞ� and ½H 0ðx; y; zÞ� are independent of x and y, that is

½Eðx; y; zÞ�h½EðzÞ�; ½H 0ðx; y; zÞ�h½H 0ðzÞ�: (2.8)

Moreover, by projecting the PDEs (2.7) onto the subspace perpendicular to the
z -axis (i.e. the xy plane), we obtain the following set of four ordinary differential
equations (ODE) for axial propagation (McCall & Lakhtakia 2004):

d

dz

0 K1

1 0

" #
½EtðzÞ�

 !
Z ik 0½H 0

tðzÞ�;

d

dz

0 K1

1 0

" #
½H 0

tðzÞ�
 !

ZKik 0½3perpðzÞ�½EtðzÞ�;

9>>>>>>=
>>>>>>;

0!z!2d: (2.9)

Here,

½EtðzÞ�Z ½ExðzÞ;EyðzÞ�T; ½H 0
tðzÞ�Z ½H 0

xðzÞ;H 0
yðzÞ�T (2.10)

are column 2-vectors,

½3perpðzÞ�Z f½3ðzÞ�K1
t gK1 (2.11)
Proc. R. Soc. A (2005)
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is a 2!2 matrix and the 2!2 matrix ½3ðzÞ�K1
t is obtained by neglecting all

components of ½3ðzÞ�K1 on the z -axis.

By simply eliminating ½H 0
tðzÞ� in equation (2.9), the matrix ODE

d2

dz2
½EtðzÞ�Ck20 ½3perpðzÞ�½EtðzÞ�Z

0

0

" #
; (2.12)

analogous to the homogeneous Helmholtz equation, is obtained for the axial
variation of ½EtðzÞ�. Analytical solution of the second-order ODE (2.12) needs an
appropriate expansion of the matrix ½3perpðzÞ�. The axial periodicity of

chiral STFs suggests that ½3perpðzÞ� can be decomposed into a Fourier series

(Yakubovich & Starzhinskii 1975). According to equations (2.1)–(2.6), the
Fourier representation of ½3perpðzÞ� in (2.11) is

½3perpðzÞ�Z
~3½I �Cd3½F �ei2pz Cd3½F ��eKi2pz ; 0!z!d;

~3½I �Kd3½F �ei2pz Kd3½F ��eKi2pz ; d!z!2d;

(
(2.13)

where the scalars are

~3Z ð~3d C3cÞ=2; d3 Z ð~3d K3cÞ=2; (2.14)

and the 2!2 matrix

½F �Z
1 Khi

Khi K1

" #
: (2.15)

Now, on neglecting the perturbation factor d3 in equation (2.13), the ODE (2.12)
yields the solution

½EtðzÞ�Z ½AC�eikz C ½AK�eKikz ; (2.16)

where kZk 0

ffiffi
~3

p
is the wavenumber in a homogenous, isotropic medium of

relative permittivity ~3 and ½AGðzÞ� are constant-valued 2-vectors. Therefore, it is
natural to render

½EtðzÞ�Z ½ACðzÞ�eikz C ½AKðzÞ�eKikz ; (2.17)

as the solution of ODE (2.12) without ignoring d3. Thus, equation (2.17) is
nothing but a modification of equation (2.16) with variable ½AGðzÞ� accounting for
the periodic nature of ½3perpðzÞ�.

Furthermore, in view of the CP-dimorphic optical responses of chiral STFs, it
is useful to transform ½AGðzÞ� into their CP counterparts ½ ~AGðzÞ� with

½AGðzÞ�Z ½U �½ ~AGðzÞ�; (2.18)
Proc. R. Soc. A (2005)
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where the transformation matrix is

½U �Z 1ffiffiffi
2

p
1 1

i Ki

" #
: (2.19)

While the components of the column 2-vectors

½AGðzÞ�Z
AG

x ðzÞ

AG
y ðzÞ

" #
(2.20)

are understood in the Cartesian coordinate system, the components of the
column 2-vectors

½ ~ACðzÞ�Z
AC

L ðzÞ

AC
RðzÞ

" #
; ½ ~AKðzÞ�Z

AK
RðzÞ

AK
L ðzÞ

" #
(2.21)

are left CP (LCP) and right CP (RCP), as indicated by the subscripts L and R.
By substituting equations (2.13), (2.17) and (2.18) into the ODE (2.12), and

enforcing the mutual orthogonalities of LCP and RCP phasors, we derive the
following coupled ODEs:

1

k20

d2

dz2
½ ~ACðzÞ�C 2ik

k20

d

dz
½ ~ACðzÞ�ZHd3f½ ~F

C�½ ~AKðzÞ�eK2iðkKpÞz

C½ ~FK�½ ~AKðzÞ�eK2iðkCpÞzg;

1

k20

d2

dz2
½ ~AKðzÞ�K 2ik

k20

d

dz
½ ~AKðzÞ�ZHd3f½ ~F

C�½ ~ACðzÞ�e2iðkKpÞz

C½ ~FC�½ ~ACðzÞ�e2iðkCpÞzg:

9>>>>>>>>>=
>>>>>>>>>;

(2.22)

In these equations, the upper signs (before d3) apply for 0!z!d and the lower
signs for d!z!2d, while the 2!2 matrixes

½ ~FG�Z 1

2

0 1Hh

1Gh 0

" #
(2.23)

are anti-diagonal. Hence, the ODEs (2.22) decouple AG
LðzÞ from AG

RðzÞ, but AK
LðzÞ

is coupled to AC
L ðzÞ and AK

RðzÞ to AC
RðzÞ.
(c ) Transfer matrixes

In order to solve the ODEs (2.22), McCall (2001) omitted the second-order
derivatives. One reason for that omission is the retrospectively confirmed

validity of the inequality j d2

dz2
½ ~AGðzÞ�j/ jk 0

d
dz ½ ~A

GðzÞ�j when jd3j=~3/1. Another
reason is to reduce the number of boundary conditions needed for a unique
solution. However, unlike McCall (2001) and McCall & Lakhtakia (2004), we do
not ignore the terms containing exp½G2iðkCpÞz� in the ODEs (2.22), thereby
treating both forms of structural chirality in a unified fashion.
Proc. R. Soc. A (2005)
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After substituting

½~eGðzÞ�Z ½ ~AGðzÞ�eGikz (2.24)

into ODES (2.22) and neglecting the second-order derivatives, we solve the
ODEs (2.22) to obtain the algebraic expressions

½~eCðzÞ�
½~eKðzÞ�

" #
Z ½WCðzKz 0Þ�

½~eCðzÞ�
½~eKðzÞ�

" #
; 0C%z 0; z%dK; (2.25)

and

½~eCðzÞ�
½~eKðzÞ�

" #
Z ½WKðzKz 0Þ�T

½~eCðz 0Þ�
½~eKðz 0Þ�

" #
; dC%z 0; z%2dK: (2.26)

The transfer 4!4 matrixes ½WGðzÞ� are defined as

½WGðzÞ�Z

PKðzÞ 0 0 GQKðzÞ
0 PCðzÞ GQCðzÞ 0

0 GQ�
CðzÞ P�

CðzÞ 0

GQ�
KðzÞ 0 0 P�

KðzÞ

2
66664

3
77775; 0%z%d; (2.27)

where

PGðzÞZ eGihpz cosh ðDHzÞC
iðkHhpÞ

DH

sinh ðDHzÞ
� �

; (2.28)

QGðzÞZ eGihpz ik

DH
sinh ðDHzÞ

� �
; (2.29)

kZk 0dn, dnZd3=2~n, ~nZ
ffiffi
~3

p
and DGZ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2KðkGhpÞ2

q
:

The structure of ½WGðzÞ� confirms the decoupling of LCP and RCP phasors

throughout the chiral STF 0!z!2d within the approximate framework of
CWT. Furthermore, we note that neglect of the terms containing eG2iðkCpÞz in the
ODEs (2.22) would mean that

PCðzÞdh;K1 CPKðzÞdh;10eikz ;

QCðzÞdh;K1 CQKðzÞdh;100;

)
(2.30)

thereby defeating our purpose of explaining the crossover phenomenon described
in §1.
(d ) Boundary conditions

Expressions for ½EtðzÞ� and ½H 0
tðzÞ� are to be obtained after combining

expressions (2.25) and (2.26) with the boundary conditions on the interfaces
Proc. R. Soc. A (2005)
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zZ0, zZd and zZ2d. The continuity of the tangential components of the electric
and magnetic field phasors across these interfaces implies that ½EtðzÞ�
and ½H 0

uðzÞ�Zðik 0ÞK1 d
dz ½EtðzÞ� should be continuous, according to the

ODEs (2.9).
Consistently with developments in §2c, we define the circular counterparts of

½EtðzÞ� and ½H 0
uðzÞ� as

½ ~EtðzÞ�Z ½U �†½EtðzÞ�Z ½~eCðzÞ�C ½~eKðzÞ� (2.31)

and

½ ~H 0
uðzÞ�Z ½U �†½H 0

uðzÞ�Z ðik 0ÞK1 d

dz
½~eCðzÞ�C d

dz
½~eKðzÞ�

� �
; (2.32)

respectively. These 2-vectors must be continuous across the interfaces as well,
that is,

½ ~EtðzKÞ�Z ½ ~EtðzCÞ�;

½ ~H 0
uðzKÞ�Z ½ ~H 0

uðzCÞ�;

)
z2f0; d; 2dg: (2.33)

In accordance with expressions (2.25), (2.26), (2.31) and (2.32), we obtain the
expressions

½ ~EtðzÞ�

½ ~H 0
uðzÞ�

" #
Z ½ZC�

½~eCðzÞ�
½~eKðzÞ�

" #
; z2f0C; dKg; (2.34)

and

½ ~EtðzÞ�

½ ~H 0
uðzÞ�

" #
Z ½ZK�

½~eCðzÞ�
½~eKðzÞ�

" #
; z2fdC; 2dKg; (2.35)

where the 4!4 matrixes are

½ZG�Z ~n½Z ð1=~nÞ�Hdn

0 0 0 0

0 0 0 0

0 1 0 K1

1 0 K1 0

2
66664

3
77775 (2.36)

and

½Z ðsÞ�Z

s 0 s 0

0 s 0 s

1 0 K1 0

0 1 0 K1

2
66664

3
77775: (2.37)

Parenthetically, we note that the approximation of ½WGðzÞ� via expression (2.30)

must not be made for the establishment of the boundary conditions (2.34) and
Proc. R. Soc. A (2005)
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(2.35), which are crucial to provide an analytical explanation of the crossover
phenomenon.

We now examine the electromagnetic field in the two half-spaces to obtain the
required values of the field phasors at zZ0K and zZ2dC. The incident, reflected
and transmitted plane waves propagate along the z -axis in the two half-spaces
z!0 and zO2d. Following Venugopal & Lakhtakia (2000a,b), and in analogy
with expressions (2.24) and (2.31), we represent the electric field phasors in the
two half-spaces as

½ ~EtðzÞ�Z ½A�eikrz C ½R�eKikrz ; z%0K;

½ ~EtðzÞ�Z ½T�eikrðzK2dÞ; zR2dC;

)
(2.38)

where kr Zk0nr , and the column 2-vectors

½A�Z aL

aR

� �
; ½R�Z rR

rL

� �
; ½T�Z

tL

tR

" #
(2.39)

comprise amplitudes of the LCP and RCP components of the incident, reflected
and transmitted plane waves, respectively. Finally, similarly to equations (2.34)
and (2.35), we obtain

½ ~EtðzÞ�

½ ~H 0
uðzÞ�

" #
Z ½Z r �

½A�
½R�

" #
; z Z 0K; (2.40)

and

½ ~EtðzÞ�

½ ~H 0
uðzÞ�

" #
Z ½Z r �

½T�
½0�

" #
; z Z 2dC; (2.41)

where ½Z r �Znr½Z ð1=nrÞ� and ½0�Z ½0; 0�T.
(e ) Reflection and transmission

By combining equations (2.25), (2.26), (2.34), (2.35), (2.40) and (2.41) with
the boundary conditions (2.33), we finally derive an algebraic equation
determining the unknown ½R� and ½T� as

½T�
½0�

" #
Z ½t �

½A�
½R�

" #
; (2.42)

where the transmission 4!4 matrix

½t �Z ½Z r �K1½ZK�½t̂�½ZC�K1½Z r � (2.43)

employs the matrix

½t̂�Z ½WKðdÞ�½ZK�K1½ZC�½WCðdÞ�; (2.44)
Proc. R. Soc. A (2005)



2995Optical crossover phenomenon
which does not depend on nr . Because of structural chirality, ½WKðdÞ� is
related to ½WCðdÞ� and ½ZK� to ½ZC� by a rotational transformation presented

in the appendix. Therefore, the CWT transmission matrix ½t̂� of (2.44), though
specified here for the central 908-twist defect, applies in a general sense for any f.

Although the transmission matrix ½t � seems very complicated, its replacement
by ½t̂� in equation (2.42) is found to generate values of ½R� and ½T� that exhibit
the main spectral features of the circular Bragg phenomenon, as well those due to
the presence of the twist defect. In physical terms, the replacement of ½t � by
½t̂� for solutions of ½R� and ½T� amounts to ignoring the index-mismatch across the
interfaces zZ0 and zZ2d. Indeed, when jdnj/ ~n and nrZ ~n, the chiral STF can be
said to be index-matched to the medium in the two half-spaces and ½t �x½t̂� would
then be very true.

To analyse the crossover phenomenon, let us set nrZñ and thus minimize the
index-mismatch across the interfaces zZ0 and zZ2d. Then,

½T�
½0�

�Z ½t̂�
½A�
½R�

" #"
(2.45)

yields approximate but closed-form solutions for ½R� and ½T� as follows.
Let us define the reflection coefficients (rLL, etc.) and the transmission

coefficients (tLL, etc.) through the matrix expressions

rL

rR

� �
Z

rLL rRL

rLR rRR

� �
aL

aR

� �
;

tL

tR

" #
Z

tLL tRL

tLR tRR

" #
aL

aR

� �
: (2.46)

Cross-polarized quantities have identical subscripts, while co-polarized quan-
tities do not.

Because the crossover phenomenon involves only the co-polarized quantities,
closed-form expressions of the cross-polarized reflection and transmission
coefficients are not of interest. On neglecting the small value of Q̂K in ½WGðdÞ� for
jbj/1, the solution of equation (2.45) results in the co-polarized transmission
coefficients

tLL Z
P̂

2
KĴ

ĴCb2Q̂
2
C

dh;1 C
ðjP̂Cj2 K jQ̂Cj2Þ2

ĴCb2Q̂
2
C

dh;K1;

tRR Z
P̂

2
KĴ

ĴCb2Q̂
2
C

dh;K1C
ðjP̂Cj2 K jQ̂Cj2Þ2

ĴCb2Q̂
2
C

dh;1;

9>>>>>=
>>>>>;

(2.47)

and the co-polarized reflection coefficients

rLL ZK
P̂K

P̂
�
K

bĴKb2P̂
�
CQ̂C

ĴCb2Q̂
2
C

 !
dh;1 K

2 Re½P̂CQ̂C�CbðjP̂Cj2 C jQ̂Cj2ÞCb2P̂CQ̂C

ĴCb2Q̂
2
C

dh;K1;

rRR ZK
P̂K

P̂
�
K

bĴKb2P̂
�
CQ̂C

ĴCb2Q̂
2
C

 !
dh;K1 K

2 Re½P̂CQ̂C�CbðjP̂Cj2 C jQ̂Cj2ÞCb2P̂CQ̂C

ĴCb2Q̂
2
C

dh;1;

9>>>>>=
>>>>>;

(2.48)
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where

ĴZ ðP̂�
CÞ2 C2bP̂

�
CQ̂CCQ̂

2
C;

P̂GZPHðdÞdh;K1 CPGðdÞdh;1;

Q̂GZQHðdÞdh;K1 CQGðdÞdh;1:

9>>>=
>>>;

(2.49)

Reflectances and transmittances are defined as RLLZjr LLj2 and TLLZjt LLj2 and so on.
Co-polarized quantities subscripted RR (respectively LL) are labelled as co-handed and
those subscripted LL (respectively RR) are labelled as cross-handed, when the chiral STF is
structurally right- (respectively left-)handed. All the results presented in §3 for the chiral
STF with a central 908-twist defect are obtained from the coefficients (2.47) and (2.48),
unless otherwise noted.
3. Results and analysis

(a ) Chiral STF without defect

For phenomenological completeness, let us begin with the optical response of a
chiral STF without the central twist defect. The transmission matrix is then
given as

½t̂�Z ½WCðdÞ�2 Z ½WCð2dÞ�; (3.1)

in lieu of equation (2.44).
Figure 2 shows the reflectances and transmittances for l02[640,740] nm, when

3cZ1:70292, ~3dZ1:74272, nrZñZ1.7230, hZ1, UZ200 nm and NZ50. The
circular Bragg phenomenon is indicated by a peak in RRR and a trough in TRR

because the chosen chiral STF is structurally right-handed. The incident LCP
plane wave is mostly transmitted. According to CWT, the Bragg regime is
centred at the wavelength (McCall & Lakhtakia 2000)

lBr0CWT
Z 2~nU: (3.2)

From numerous calculations, it was ascertained that substantial development
of circular Bragg phenomenon requires (Wang 2005)

2jbjdRU; (3.3)

where bZdn/ñ is the relative local birefringence.
The emergence of the circular Bragg phenomenon can be analytically

explained by the characteristics of ½WCðzÞ�. This 4!4 matrix can be decomposed
into the 2!2 submatrixes

½WC
L
ðzÞ�Z

PKðzÞ QKðzÞ
Q�

KðzÞ P�
KðzÞ

" #
; ½WC

R
ðzÞ�Z

PCðzÞ QCðzÞ
Q�

CðzÞ P�
CðzÞ

" #
; (3.4)

which control the responses of the chiral STF to incident LCP and RCP
plane waves, respectively. For jbj/1, jQH(z)j is much smaller than jPH(z)j (x1)

for hZG1. Therefore, ½WC
R
ðzÞ�dh;K1C ½WC

L
ðzÞ�dh;1 is approximately equal to

the identity matrix for l0wlBr0CWT
, which leads to total transmission of the
Proc. R. Soc. A (2005)
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Figure 2. Planewave spectrums of (a) reflectances RRR and RLL and (b) transmittances TRR and
TLL, calculated for a structurally right-handed chiral STF without the central twist defect for
normal incidence. The following parameters were used for CWT calculations: 3cZ1:70292,
~3dZ1:74272, nrZñZ1.7230, hZ1, UZ200 nm, and NZ50. Interchange the subscripts L and R for
hZK1.

2997Optical crossover phenomenon
incident cross-handed CP light in the Bragg regime. In other words, a chiral STF
acts as a homogenous, isotropic, dielectric medium for a normally incident, cross-
handed, CP plane wave. However, ½WC

L
ðzÞ�dh;K1C ½WC

R
ðzÞ�dh;1 resembles the

scattering matrix of a scalar Bragg grating (Haus & Shank 1974). Accordingly,
for wavelengths within the Bragg regime, the response to a co-handed CP plane
wave is the same as of a scalar Bragg grating (McCall 2001).
(b ) Chiral STF with a central 90 8-twist defect

Figures 3 and 4 show the spectrums of the co-polarized reflectances and
transmittances obtained from the CWT expressions (2.47) and (2.48) when
NZ50 and NZ300, respectively. As expected, the CWT captures the already-
known phenomenons that
–

Pr
a co-handed transmittance peak occurs in the centre of the Bragg regime
(figure 3b) for relatively small N which disappears for large N and
–
 a cross-handed reflectance peak occurs in the centre of the Bragg regime
(figure 4a) for large N.

Whereas the former had been predicted by both full electromagnetic analysis
(FEMA; Lakhtakia & McCall 1999) as well as CWT (McCall 2003) and
verified experimentally (Hodgkinson et al. 2000b), the latter had not been
predicted by CWT until now. Typically, the bandwidth of the cross-handed
reflectance peak is extraordinarily small, and is independent of N beyond its
crossover value.

In order to analyse the consequences of introducing the central 908-twist
defect, we take recourse to the matrix ½t̂�. This matrix can be decomposed as

½t̂�Z ½WKðdÞ�½WCðdÞ�C ½WKðdÞ�½QðbÞ�½WCðdÞ�; (3.5)

where all non-zero entries of the 4!4 matrix

½QðbÞ�Z ½ZK�K1½ZC�K ½=� (3.6)
oc. R. Soc. A (2005)
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Figure 4. Same as figure 3, but for NZ300. The cross-handed reflectance peak in the spectrum of
RLL must be noted.
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Figure 3. Planewave spectrums of (a) reflectances RRR and RLL and (b) transmittances TRR and
TLL, calculated using equations (2.47) and (2.48) for a structurally right-handed chiral STF with a
central 908-twist defect. While the thickness of each chiral STF section is 50U (i.e. NZ50), other
parameters are the same as for figure 2. The co-handed transmittance peak in the spectrum of TRR

must be noted.
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are of OðbÞ. This decomposition is not arbitrary but has physical meaning.
The first term on the right side of equation (3.5), all by itself, would give rise
to total transmission in the central part of the Bragg regime. In contrast,
were ½t̂�Z ½WKðdÞ�½QðbÞ�½WCðdÞ�, total reflection would occur in the entire Bragg

regime, for all NR 1
2 jbj. Thus, the second term on the right side of equation (3.5)

describes a CP mirror.
As jbj/1, the second term on the right side of equation (3.5) may be viewed

as perturbing the leading term ½WKðdÞ�½WCðdÞ�. Even so, the former is essential

to the elucidation of the crossover phenomenon. For convenience, let us define
the weight of the second term in relation to the first term as follows:

aNZ
k½WKðdÞ�½QðbÞ�½WCðdÞ�k

N

k½WKðdÞ�½WCðdÞ�k
N

Z
jbj

1Kb2
jP̂Cj

2
C jQ̂Cj

2

jP̂2
CCðQ̂�

CÞ2j
: (3.7)

According to equation (2.49),

aNz
jbj; for jb sinhðpbN Þj!!1;

jb=bj; for jb sinhðpbN ÞjOO1;

(
(3.8)
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where bZ (kKp)/k. Clearly, aN is independent of N in either of the N-ranges
specified in equation (3.8). Therefore, both terms on the right side of equation
(3.5) are similar to each other in the sense of LN norms in those two N-ranges.
Furthermore, a wavelength-regime can be mapped to a b-regime uniquely.
l0ZlBr0CWT

when bZ0; therefore, the neighbourhood of lBr0CWT
can be equivalently

specified through the b-neighbourhood of 0.
When N is relatively small (but larger than 1

2jbj), k½WGðdÞ�kNZOð1Þ and

aNzjbj/1; thus, the second term on the right side of (3.5) can be ignored in
favour of the first term, so that ½t̂�z½WKðdÞ�½WCðdÞ�. According to equations

(2.28) and (2.29), ½WKðdÞ�½WCðdÞ� becomes almost equal to ½I� for l0wlBr0CWT
,

which gives rises to almost total transmission in the centre of the Bragg regime,
as confirmed by figure 3b for NZ50. In other words, the chiral STF with the
central 908-twist defect becomes optically transparent in a small neighbourhood
of lBr0CWT

for both LCP and RCP plane waves. Another interpretation is that the
phase difference between the field phasors at zZ0C and zZdK is exactly the
opposite of the phase difference between the field phasors at zZdC and zZ2dK.

When N is significantly large, the foregoing picture changes completely. ½t̂� can
no longer be considered approximately equal to ½WKðdÞ�½±WCðdÞ� because

aNzjb/bj/CN as l0/lBr0CWT
. The first term on the right side of equation (3.5)

is still almost equal to ½I� at l0ZlBr0CWT
—and therefore indicates total

transmission in the central part of the Bragg regime all by itself—although the
bandwidth of that feature falls exponentially as N increases. But, the second
term interferes with the first term in the neighbourhood of lBr0CWT

so that ½t̂� is
isomorphic to the transmission matrix of a defect-free chiral STF—except in a
tiny neighbourhood of bZb wherein aNz1. It must be the LN-norm-equivalence
of the two terms that engenders the total-reflection feature in the tiny
neighbourhood of bZb, as confirmed by figure 4a for NZ300.

An analytical view of the crossover phenomenon is attained by examining the
CWT expressions (2.47) and (2.48) when bZb. Now, Ĵh1 for any N when bZb
or l0 equals

l
p
0CWT

Z lBr0CWT
ð1Kb2Þ; (3.9)

furthermore, jP̂Kj
2
Z1COðb2Þ and

Det ½WC
L
ðdÞ�dh;K1 C ½WC

R
ðdÞ�dh;1

n o
Z jP̂Cj

2
K jQ̂Cj

2
h1 (3.10)

for any N. Hence, the values of tLL and tRR in equation (2.47) are generally
determined by the denominator ĴCb2Q̂

2
C. Typically, when N is not significantly

large so that

b2Q̂
2
CzK

b2

1Kb2
sinh2ðNpbÞ (3.11)

is of o(1) for l0Zl
p
0CWT

, we obtain ĴCb2Q̂
2
Cz1. Hence, TLL/1 and TRR/1 as

l0/l
p
0CWT

. Correspondingly, the co-handed transmittance peak (as well as
total cross-handed transmission) occurs near lp0CWT

for small values of NR1
2jbj.
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However, as N increases, the value of jb2Q̂2
Cj increases rapidly to exceed ĴZ1

by a huge margin at l0Zl
p
0CWT

. Therefore, TLL/0 and TRR/0 for significantly
large N at l0Zl

p
0CWT

, leading to the disappearance of total transmission in the
centre of the Bragg regime. Instead, equation (2.48) implies that RLL/1 and
RRR/1 at l0Zl

p
0CWT

for N/CN, thereby confirming the emergence of the
cross-handed reflection peak (as well as total co-handed reflection) for large
values of NR 1

2 jbj.
Although the foregoing analysis successfully provides a rigorous explanation of

the crossover phenomenon for either small or significantly large values of
NR 1

2 jbj, it is limited by the process of approximation in providing an
estimation of Nco—the crossover value of N. In fact, when N is close to Nco,
the denominator ĴCb2Q̂

2
C in equations (2.47) and (2.48) becomes almost null-

valued for l0Zl
p
0CWT

. Therefore, equations (2.47) and (2.48) are not reliable as
far as adherence to the principle of conservation of energy is concerned.
The reason for this inadequacy is the neglect of the second-order derivatives in
the coupled ODEs (2.22).

Parenthetically, although the electromagnetic field in axially excited defect-
free chiral STFs can be expressed exactly (Kats, 1971; Lakhtakia & Weiglhofer
1995) and has been used for chiral STFs with central twist defects (Becchi et al.
2004), closed-form expressions of the reflectances and transmittances of chiral
STFs with central 908-twist defects are presented here for the first time. These
expressions may be used to calculate the peak wavelength and bandwidth when
N is sufficiently different from Nco.
(c ) Peak locations and bandwidths

Figure 5 provides a comparison of the co-handed transmittance and the cross-
handed reflectance obtained using the CWT equation (2.48) with those from the
FEMA formulated elsewhere (Hodgkinson et al. 2000b; Venugopal & Lakhtakia
2000b). Clearly, figure 5a illustrates that the CWT agrees with the FEMA in
modelling the co-handed transmittance peak on a (relatively) coarse wavelength-
scale for small values of NR1

2jbj. However, on a highly refined wavelength-scale,
the locations of the cross-handed reflectance peak for large values of N are
predicted differently by the CWT and the FEMA; see figure 5b.

In fact, according to FEMA, both types of peaks are centred at the wavelength

l
p
0FEMA

Z lBr0CWT
ð1K0:5b2Þ: (3.12)

When compared with

lBr0FEMA
Z

ffiffiffiffi
3c

p
C

ffiffiffiffiffi
~3d

p� �
U; (3.13)

which is the FEMA prediction of the centre-wavelength of the Bragg regime
(Venugopal & Lakhtakia 2000b), we find that l

p
0FEMA

ZlBr0FEMA
correct to Oðb4Þ.

The deviation of lp0CWT
of equation (3.9) from l

p
0FEMA

echoes the approximation

inherent in the CWT.
Figure 6 provides an assessment of the bandwidths of both types of peaks

in relation to the local birefringence. The bandwidth of the co-handed
transmittance peak decreases exponentially with N. This is because the factor
b2Q̂

2
C in equation (2.47) increases exponentially with N, as per equation (3.11).
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3001Optical crossover phenomenon
The bandwidth of the cross-handed reflectance peak, although saturated for
NONco, increases exponentially with jbj, as shown in figure 6b. In comparison,
figure 6a illustrates that the b -dependence of the bandwidth of the co-handed
transmittance peak is linear for NR 1

2 jbj.
4. Concluding remarks

In this paper, we presented a theoretical analysis of the optical consequences of
introducing a central 908-twist defect in a chiral sculptured thin film. Our
conclusions apply to cholesteric as well as chiral smectic liquid crystals. Based on
the coupled-wave theory, we derived an approximate but closed-form solution for
axial wave propagation in a chiral STF without the twist defect. This solution
greatly facilitated understanding of the consequences of the twist defect’s
introduction. The CWT transmission matrix of a chiral STF with the twist
defect was exploited to obtain approximate but closed-form expressions of the co-
polarized reflection and transmission coefficients, with the assumption of index-
matching to the ambient medium.

In a nutshell, the CWT transmission matrix of a chiral STF with a central
908-twist defect can be decomposed as the sum of two terms. The first term—on
the right side of equation (3.5)—favours total transmission in the middle of the
Bragg regime but the second term favours total reflection in the whole of the
Bragg regime. When NR 1

2 jbj is relatively small, the second term is dominated
by the first. Therefore, total cross-handed transmittance in the Bragg regime is
accompanied by a co-handed transmittance peak in the central part of the Bragg
regime. As N increases to some sufficiently large value, the second term becomes
significant and interferes with the first term such that the transmission matrix is
isomorphic to that of a defect-free chiral STF—except in a tiny neighbourhood of
l0Zl

p
0CWT

wherein the two terms become identical to each other in the LN-norm

sense to engender the total-reflection feature. Hence, the narrow co-handed
transmittance peak diminishes (and eventually vanishes) as N increases and an
ultranarrow cross-handed reflectance peak appears. Although our analysis is
unable to predict the crossover value of N, it does show that the bandwidths of
Proc. R. Soc. A (2005)
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the two peaks depend, in different ways, on the local birefringence of the chiral
STF. Thus, we have mathematically elucidated the crossover phenomenon.

F.W. thanks the Penn State Weiss Graduate Program for a Dissertation Fellowship.
Appendix A

The matrixes ½WKðdÞ� and ½WCðdÞ� are related in general by

½WKðdÞ�Z ½RðfÞ�½WCðdÞ�½RðfÞ�K1; (A 1)

where the 4!4 rotational matrix ½RðfÞ� consists of two diagonal blocks as
follows:

½RðfÞ�Z
½U �†½RðfÞ�½U � ½0�

½0� ½U �†½RðfÞ�½U �

2
4

3
5: (A 2)

The 2!2 matrix

½RðfÞ�Z
cos f Ksin f

sin f cos f

" #
(A 3)

denotes a rotation about the z -axis by an angle f. The matrixes ½ZK� and ½ZC�
are also related via

½±ZK�Z ½RðfÞ�½ZC�½RðfÞ�K1: (A 4)

When fZmp, where m is an integer, the matrix

½RðfÞ�Z ½I�; (A 5)

therefore, equations (A 1) and (A 4) simplify to

½WKðdÞ�Z ½WCðdÞ�; ½ZK�Z ½ZC�: (A 6)
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As a result, the transmittance matrix is

½t̂�Z ½WCðdÞ�2 Z ½WCð2dÞ�; (A 7)

which coincides with equation (3.1) for a defect-free chiral STF (i.e. fZ0).
When fsmp, ½WKðdÞ�s½WCðdÞ� in general, which gives rise to the spectral

characteristics of ½t̂� responsible for the crossover phenomenon.
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