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Electrically controlled Bragg resonances of an ambichiral
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‘The Pockels effect can increase the effective birefringence of ambichiral, electro-optic rejection filters made of ma-
terials with & 42m point group symmetry, when a dc electric field is applied parallel to the axis of nonhomogeneity.
The reflectances and the transmittances of such an ambichiral structure for obliquely incident plane waves are
solvable through a boundary-value problem that is formulated using the frequency—domain Maxwell equations,
the constitutive equations that contain the Pockels effect, and standard algebraic techniques for handling 4x4
matrix ordinary differential equations. The Bragg resonance peaks, for different circular-polarized-incidence
conditions, blueshift as the angle of incidence increases. These blueshifts are unaffected by the sign of the dc
electric field. © Anita Publications. All rights reserved.

1 Introduction

In 1869, Reusch [1] demonstrated that a stack of uniaxial crystalline layers, each rotated about the
thickness direction with respect to the distinguished axis in the layer below by a fixed angle A¢ that is
an integer submultiple of 180°, would transmit circularly polarized light of one handedness while light of
the opposite handedness would be highly reflected, provided that the stack of layers is thick enough and
the wavelength of the incident light lies in the Bragg regime. Such a stack of laye1s, being periodically
piecewise nonhomogeneous in the thickness direction, is a Bragg filter.

The optical responses of such structures were analyzed sporadically after Reusch, mainly in the
context of cholesteric liquid crystals [2]. In 2004, a systematic study of these structures was undertaken
[3]. They were classified as (i) equichiral, (ii) ambichiral, and (iii) finely chiral structures, depending
ou the incremental angle A = m/q, ¢ = 2,3, ..., between two successive layers of the structure [3). An
equichiral structure (¢ = 2) exhibits the same Bragg resonances for normally incident light of both left-
and right-circular polarization states, while an ambichiral structure (¢ > 3) exhibits diffcrent Bragg
resonances for different circular polarization states. Finally, finely chiral structures are classificd as those
structures in which ¢ approaches irfinity while the total thickness remains fixed, so that the stack of
layers resembles a continuous structure like a cholesteric liquid crystal [2] or a chiral sculptured thin film

[4].

In 2006, Lakhtakia theoretically analyzed the incorporation of the Pockels effcct in ambichiral struc-
tures for small ¢ > 3 [5]. He deduced that layers made of a material with 42m point group symmetry
show increased effective birefringence for & normally incident plane wave, on the application of a dc elec-
tric field across the structure in the thickness direction. Hence, he proposed ambichiral, électro-optic,
circular—polarization-rejection filters to exploit this increase in eflective birefringence. thereby leading
to thinner filters than without exploiting the Pockels effect.

Whereas Lakhtakia restricted the analysis to normally incident plane waves, the analysis in this
communication is extended to obliquely incident plane waves. The de electric field is still applied in the
thickness direction, and the electro-optic material chosen for the layers has a 432m point group syminetry.

The plan of this communication is as follows: Section 2 contains a description of the ambichiral
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structure and the optical relative permittivity matrix of an electro-optic material which has 42m point
group symmetry, along with the formulation of the boundary-value problem to examine the electro—optic
responses of the chosen ambichiral structures. Numerical results and their interpretive discussion are
provided in Section 3. Section 4 contains a brief overview of the key findings.

Throughout this communication, vectors are denoted in boldface; the cartesian unit vectors are Tep-
resented by u., uy, and u,; symbols for column vectors and matrixes are decorated by an overbar; and
an exp(—iwt) time-dependance is implicit with i = /=1, w as the angular frequency, and ¢ as time.

2 Boundary—Value Problem

Theoretical analysis of the optical respenses of an ¢lectro~optic ambichiral structure to an obliquely
incident plane wave requires the solution of a boundary-value problem. The ambichiral structure has
N >> 1 identical layers. Each layer has a thickness D and extends infinitely in the transverse (i.e.
zy) plane. Hence the total thickness of the ambichiral structure is L = ND and it occupies the region
0 < z < L. The halfspaces z < 0 and z > L are assumed to be devoid of any material.

2.1 Incident, Reflected and Transmitted Fields

An arbitrarily polarized plane wave'is incident on the ambichiral structure from the z < 0 halfspace.
The angle of incidence ¢ € [0,7/2) of this plane wave on the ambichiral structure with respect to the
z axis is kept arbitrary. Consequently, a reflected plane wave exists in the z < 0 halfspace, and a
transmitted plane wave in the z > L halfspace.

The electric and magnetic field i)hasors associated with the incident plane wave are
Einc(r) = einc(2) expin(z cosy + ysiny)], 2<0, 1

Hine(r) = hinc(2) exp [ik(z cosy + ysiny)], 2<0, (2)

where k = kpsin8; ko = 27/A¢ is the wavenumber in free space; Ag is the free—space wavelength; and
¥ € [0,27) is the direction of propagation of the incident plane wave with respect to the .z axis in the
zy plane. The plane wave is represented in terms of circular-polarization states as

€inc(z) = (aL i \—/5p+ - ag i ;;;“) exp(ikoz cos6), (3)
hin(2) = -i17(',‘1 (aL o \—/ﬁp+ +ag '8 +\/—2p+) exp(ikgz cos§), 4)

where 1o = y/o/€o is the intrinsic impedance of free space, and the quantities az and a R are the known
amplitudes of the left— and right-circularly polarized components of the incident plane wave. The vectors

8 = —ug siny + uy cosy, (5)
P+ = F(uz cosy + uy siny) cosd + u, sin6, (6)
are unity in magnitude and are used for notational simplicity.
Similarly, the electric and magnetic field phasors associated with the reflected and transmitted plane
waves are
Eres(r) = eref(z) explin(zcosy + ysiny)], z2<0 (7
Hicf(r) = hreg(2z) expli(zcosy) + ysiny)], z<0, (8)
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E:-(r) = ey (2) expin(z cosy: +ysiny)], 2> L, 9
H; (r) = hyr(2) explic(zcosy + ysiny)], 2> 1L, (10)
h . .

. eref(z) = (—-rL e ;fp_ +rg B j}ip—) exp (~ikoz cosf). (11)
hpes(z) = ing? (rL s :/2?- +7rR s j}ip_ > exp(—ikpz cos @), (12)
S — P+ 1S+ p4+ . ) 9, (13)

e(z) = (t;, v R tr 7 )exp [tko(2 — L) cos¥)
he (2) = —ing (u"'s Pt 4157 j}i"*) expliko(z — L) cosd]. (14)

The quantities r; and rgr are the unknown amplitudes of the reflected planewave components, while ¢z
and (g are the unknown amplitudes of the transmitted planewave components.

i i rd usi
The reflection and transmission coefficients (rz,rg, and so on) can be conveniently defined us ng
the following 2 x 2 matrix relationships:

()= ) (o) -
()= (e =) () -

Co-polarized coefficients have both subscripts identical, but cross—polarized coefficients do not. Th'g
square of the magnitude of a reflection or transmission coefficient corresponds to the respective reflectance

or transmittance, i.e., Ry; = lru,]2 and so on. Also, constraints are imposed by the principle of
conservation of energy as

RrL+ R +Tpp +Try < 1 (17)
BRrR+RLr+Trr+Tir < 1, (18)

the inequalities turning into equalities when there is no dissipation of energy inside the ambichiral
structure.
2.2 Optical Permittivity of the Electro-optic Ambichiral Structure

An important property desirable for an ambichiral structure is that it should be transparent over a
certain range of wavelengths, in the present case being the visible and near—infrared regimes, Therefore,
the electro-optic material was considered to be non-dissipative. Furthermore, the material chosen for
the layers has 42m point group symmetry, examples of relevant materials being ammonium dihydro-

gen phosphate and potassium dihydrogen phosphate, both transparent in the visible and near—
regimes [6).

infrared
A uniform dc electric field Ede =

to be applied across the ambichiral
electric field is aligned parallel to t

E% (where EZ can be varied in sign and magnitude) is supposed

structure by using transparent indium-tin-oxide electrodes [7). This
he thickness direction of the thin film (the z axis).
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zm =mD. For sufficient generality, the optical relative permittivity matrix of the nth layer is given by

The nt* layer in the ambichiral structure occupies the region 2,y < 2 < 2,, n € [1, N], where

€ —T63 €3 B siny 0
&(z) = 8, (h&n) Ry(x) | ~—Tesef EZ° sinx €1 —741 ¢1 ¢3 B3 cos
0 —741€1€3 Egc Cos x €3
'Ry(X) ' gz (_hfn) - 1% 2<2,, (19)

where r4; and rg3 are the electro—optic cocfficients relevant to the 42m point group symmetry; and ¢; and
e3 are, respectively, the squares of the ordinary and the extraordinary refractive indexes in the absence
of the Pockels effect. The till matrix is defined as

—siny 0 cosy

Ry(x) = 0 -1 0 |. xelo.n/2). (20)
cos )\ 0 siny

The rotation matrix

cos¢ —-sin¢ 0
S.(¢)=| sin¢ cos¢ 0 |, (21)
0 0 1

indicates rotation about the z axis by an angle of ¢ with respect to the first layer in the structure. The
quantity &, = (n — 1)A§ = (n — 1)r/q with the ratio N/q being an integer. Finally, the parameter
h = +1 denotes structural right-handedness, and & = ~1 is to be used for structural left-handedness.
Equation (19) is correct to the first order in EZ¢. Note that Lakhtakia [5] had treated only the case
when x =0 and k = 0.

2.3 Matriz Ordinary Differential Equation
The source-free Maxwell curl postulates
V x E(r) =iwwuoH(r), 0<z< L, (22)
V x H(r) = —iwcgt, - E(r), 0<z2< L. (23)

must hold in the ambichiral structure. In accordance with the incident plane wave, the Fourier repre-
sentations

E(r) = [ez(2)us + ey(2)uy + e.(2)u,]|explin(zcosy + ysing)], ze€ [0, L]. (24)
H(r) = [hz(2)uz + hy(2)uy + hy(2)u,)explir(z cosy + ysinv)], ze€|0, L], (25)
must be used.

On substituting (19), (24) and (25) in (22) and (23), four ordinary differential equations and two
algebraic equations emerge. The two algebraic equations are manipulated to eliminate e;(z) and h,(z)
from the four ordinary differential equations. T'hereafter, the four ordinary differential equations are
written completely as the 4 x 4 matrix urdinary differential equation

%f-(z) = iAn ; .f(z) ZE€ (2n—l- z,,), (26)
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where

ez(2)

o= | o

hy(2)

is a column vector and the 4 x 4 matrix

.’in = TZ‘ . (/i()o + .4()1 + A()z + ,‘i():; + Asl + .‘LQ) - 1.

Here
cos(hé,)  sin(h&,) 0 0
ol - sin(h€n) cos(h,) 0 0
n= 0 0 cos(h&,)  sin(hé€y,)
0 0 —sin(h€,) cos(h&y)
0 0 0 Wity
0,= 0 —wegey 0 0
wegeg 0 0 o0
A()] = K.asél,
2
App = —2.G4
wepel ey
2
Ags = —Lé4,
Who
0O 0 00
1 0 0 00
Agl = —Weg € 0 0 0 s
0 —e 0 O
As2 = ? —2
cos(hé, — %) 0 0 0 \
oo | —sinhgn—) 0 0 0
1= 0 0 0 0 ’
\ 0 0 sin(hS, —¥) cos(hé&, — ¥) )
0~ cos(hén - 9) 0 0.t i)
Gy = 0 sin(h&, — ) 0 0
2= 1 o 0 sin(hén — ¥) cos(hén —9) |’
\ 0 0 0 PRI
( 0 0 —cos(hén — ¥)sin(hE, — o) — cos? (hé, — )
~ oo sin? (kén — 1)) cos(hén — ) sin(hén — )
“%=10 0 0 0
\ 0 0 0 0 /
( 0 0 00 \
& 0 0 : 00
4 — cos(h&n — ¥) sin(hé, — ¢) - cos? (hé, — o) 00
sin? (k& — ) cos(hén — ¥)sin(hén — %) 0 0
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(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

37

(38)

(39)
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€1€3
€q = , 40
47 lcos?x + easin® x (40)

te = EX¢1e4(rar cos® x — re3sin’ x), (41)
€ = E%, cos x sin x(ra1€3 + Tese1), (42)
eqsin(2x)(e; — e3)
= . 43
26163 ( )

The solution of the matrix ordinary differential equation (26) is
J(zn) = expliAnD] - f(2n-1). (44)

Hence, the method to obtain the unknown reflection and transmission amplitudes involves the transfer
equation _ o
f(zn) = M - f(z0), (45)

where the transfer matrix
M = exp[iAy D) - expliAn_1D)... expli A2 D] - expliA; D} (46)

relates the tangential field components on the entry and exit sugfaces of the ambichiral structure of
thickness L because zy = L and 2z = 0.

As the tangential components of E(r) and H(r) are continuous across the planes z = 0 and z = L,
the boundary values

R6.%) i{ar — ar)
= _ K(8.% . —(aL + ar)
Fo==22 Tee o (4)
T+ TR
26,9) i((tL - tR)) \
rg - 3 . - tL + tR
Jy==7" . (48)
0
can be used in (45) wi*h the 4 x 4 matrix
—siny — cosf cosy —siny cos @ cosy
R(G 0) = cos Y —cosésiny cos Y cosfsiny (49)

—nglcos(?cosr/) ng ! siny n(;‘lcosacosw ng ' siny:
—no'lcosﬂsim,b ——770'1c0s¢ n(,‘lcosasim,b —n(,'lcosw

The boundary—value problem thus gets simplified to four simultaneous, linear algebraic equations
which can be represented in matrix form as

i(tr — tR) i(ag — ar)
Tt | ke ko) | Lt 0
0 T, + TR

These four equations were solved by matrix manipulation to compute the reflection and transmission
coefficients for arbitrary 8, E%¢, and x. Care was taken to validate the results against known results for
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normal-incidence conditions [5], for both electro—optic and non—electro—optic cases.

3 Numerical Results and Discussion

The following parameter was used for the analysis of the optical respunse of the electro—optic am-
bichiral structure to an obliquely incident plane wave 13]:

G =qD(e”? + /) /. (51)

The four reflectances and the four transmittances were calculated for a range of values of 6, Eg‘, and
x as functions of G. The constitutive parameters used are that of ammonium dihydrogelr; phos;zl;ate at
Ao = 546 nm: €; = 1.532, e3 = 1.4832, ry; = 24.5 x 10712 m V-1, and re3 = 8(5 x 1072 m V-1 [8,9].
Also, the following structural parameters were selected: £ = 500 nm (where Q = ¢D), q=3, h =1, and
N = 24q.
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Figure 1: Reflectances and transmittances of a 42m point group symmetry ambichiral electro—optic structure
plotted as a function of G for a normally incident plane wave, Bragg resonance peaks occur at G = 1 for incident
right—circularly polarized plane waves and at G = 2 for left—cireularly polarized plane waves. As Tyr and Ty, are
virtually null-valued, their plots were not included in this figure. The following parameters were used: EJ¢ =
0=0° x=0°

Figure 1 displays the plots of reflectances and transmittances as functions of G for a normally incident
plane wave when no dc electric field is applied. Bragg resonance peaks occur at G = 1 for incident right-
circularly polarized plane waves and at ¢ = 2 for left—circularly polarized plane waves. Figure 2 displays
the reflectances and transmittances of the same structure for E% = 15 % 10° V m-1, Clearly, the
intensities of the Bragg resonance peaks increase as the magnitude of E¥ > ( increases. The same
results were obtained for negative Ede,
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Figure 2: Same as Figure 1, except that E* = 1.5 x 10° V m™".
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Figure 3: Plot of G for maximum Rpr with respect to 8 (in degree) for E%° = 0 and Ef=15x10°V m.

Figure 3 shows plots of the value of G for maximum RRrr with respect to ¢ in degree for Ede = ¢
and E{¢ = 1.5 x 10° V m~!. The plot for E% = 0 can be expressed as

Grr1() ~ 1 - 22.573460 + 13.8206 62 ~ 3.514736°. (52)
Similarly, the plot for E2° = 1.5 x 10° V m~! can be expressed as
GRrpa2(0) =1+ 8.07591 6 — 4.99072 6% + 1.28391 6°. (53)

Figure 4 contains plots of the value of G for maximum Rpr with respect to # in degree for E% =0 and
EZ° =1.5x10° V m™*. The plot for E% = 0 can be expressed as

GLr1(0) ~2 - 7.65916 0 + 4.54041 6% - 1.10564 03. (54)
Similarly, the plot for when E% = 1.5 x 10° V m~! can be expressed as
GLr2(f) = 2 + 8.07591 6 — 4.99072 6% + 1.28391 6°. (55)

Such parametric equations can be used tc design circular-polarization-rejection filters.
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Figure 4: Plot of G for maximum Rrr with respect to & (in degree) for E% =0and E* =15 x 10° Vvm~h

Figure 5: Plots of Rr. and Rrr with respect to Ao (in nm) and 6 (in degree) for E% =15x10° Vm ! and
x = 0°.

Figure 5 shows three-dimensional plots of Ry and Rrp with respect to A and 0, for E"z"c =1.5x10°V
m~! and x = 0°. The Bragg resonance peaks for both incident right- and left-circularly polarized plane
waves shift to the left with increasing ¢, i.e. a blueshift in the Bragg resonances can be seen.

The intensities of the Bragg resonance peaks increase as the magnitude of E?¢ ircreases. Hence, the
application of a more intense dc electric field leads to better Bragg filters for circularly polarized planc
waves [5]. Also, the same results were obtained for negative E¢¢. This is further supported by Figure 6,
wherein Ry and Rpg are plotted with respect to Ao (in nm) and EZ° (in V m™') for # = 15° and
x =0°

Figure 7 contains three-dimensional plots of Ry and Rggr with respect to Ag and x, for E‘;‘c =
+1.5x 10° V m~?! and # = 15°. The Bragg resonance peak for left—circularly polarized plane waves
shifts to the right: from Ao = 407 nm at x = 0° to Ag = 414 nm at x = 90°. Similarly, the Bragg
resonance peak for right—circularly polarized plane waves shifts to the right: from Ao = 808 nm at
x = 0° to A\p = 826 nm at x = 90°. The magnitudes of the Bragg resonance peaks decrease as
increases from 0°. Around x = 50° the magnitude of the peaks start to increase again up till x = 90°.
Hence, the lowest possible x is most desirable for better Bragg filters if the objective is to achieve
broadband performance. Mid-range values of x must be avoided.
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Figure 7: Plots of Rz and Rrr with respect to Ao (in nm) and x (in degree) for E2° = 1.5 x 10° V m~! and
8 = 15°.

4 Conclusion

We have shown here that the Pockels effect can be exploit to control the performances of ambichiral,
electro—optic rejection filters made of materials with a 42m point group symmetry, by applying a dc
electric field parallel to the axis of nonhomogeneity. The reflectances and the transmittances of such
an ambichiral structure for obliquely incident plane waves were obtained by solving a boundary-value
problem that was formulated using the frequency—-domain Maxwell equations, the constitutive equations
that contain the Pockels effect, and standard algebraic techniques for handling 4x4 matrix ordinary
differential equations. The main results obtained are as follows:

1. The Bragg resonance peaks for both right— and left-circularly polarized plane waves blueshift as
the angle of incidence # increases. The same phenomenon is observed with or without a dc electric
field.

2. The reversal of direction of E¢ does not affect the blueshift phenomenon in the Bragg resonance
peaks, ¢ and x remaining constant, at least for the chosen point group symmetry.

3. As the magnitude of E¥ increases, the intensities of the Bragg peaks deepen, thereby leading to
better Bragg filters for circularly polarized states.

4. The behavior of the peak-reflectance G with varying & can be modeled into equations that can be
used to design circular—polarization-rejection filters.
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5.

The Bragg resonance peaks redshitt as x increases. However, as X increases, the intensities of the
Bragg peaks first decrease to a‘certain point and then increase. Hence, Bragg filters with the lowest
possible x for broadband performance. Mid-range values of ¥ must be avoided while designing
Bragg filters.

We conclude by observing that the insertion of a central phase defect in the electro—optic ambichiral
structure would be useful for making electrically tunable narrowband and ultranarrowband filters for
circularly polarized plane waves [10-12].

This paper is dedicated to the affectionate memory of Prof. Prasad Khastgir, who lit the path of physics for
several generations of students.
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