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There lived in the fair city of Naishapur, modern Iran, a tentmaker (Khayyam)
named Omar who was known far and wide for his mathematical skills. The 11-12
century genius later became better known, however, in the West for crafting the
carousing quatrains collectively called The Rubaiyat. So famous is he now
worldwide as a poet that his most marvelous algebraic structure is actually named
after the 17th century French philosopher Blaise Pascal.

Pascal’s triangle, or rather Khayy4m’s triangle, has fascinated myriads of
people — mathematicians and others - and a contemporary summary of known
results has been provided by Bondarenko [1]. In this article, a set of variations of
this structure will be linked to the famous irrational vZ through an Italian connec-
tion: the 13th century Pisan savant Leonardo, also known as Fibonacci (block-
head). Another set of variations will be similarly linked to V(M + 1), where
(M + 1) = 0 is integral.

Khayyém’s triangle can be viewed as a square array of integers Py that is
generated using the following algorithm:

Pn,0=1;n=0’1,2,3,.--, (13)
P0,1n=1;m=0’1’2’3""’ (1v)
Pn,m=Pn,m—1+P-1J"; n>0,m>0; (].C)

see Figure 1). An interesting aspect of this array are the anti-diagonal sums
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m{ 0 1 2 3 4 5
0 1 1 1 1 1 1
1 1 2 3 4 5 6
2 1 3 6 10 15 21
3 1 4 10 20 35 56
4 1 5 15 35 70 126
5 1 6 21 56 126 252
Figure 1. The array Pnm .
m{ o 1 2 3 4 5
0 M 1 1 1 1 1
1 1 M+2 M+4 M+6 M+8 M+10
2 1 M+4 3M+10 5M + 20 7™M + 34 M + 52
3 i M+6 5M+20 13M+50 25M + 104  41M+ 190
4 1 M+8 M +34 25M + 104 63M + 258 129M + 552
5 1 M+10 OM+52 41IM+190 129M +552 321M + 1362
Figure 2. The array MC,,,m .
DN(P) = P,,,o + PN—l,l + Pn—Z,Z +.004+ Po,,, =2M, N 2 0, (2)

an identity that is very well known,

Set No. 1 of Variations

Consider now a square array of integers ¥C, .m that is generated using the
following variation of the algorithm (1):

MCyo=M, (3a)
MC,0=1;n=1,2,3,..., (3b)
MCom=1, m=1,2,3,..., 3c)
MCppyn =MCp_t, me1 + MCpypoy +MCpy 111> 0,m > 0. 3d)

Here M is integral, and can be positive, negative, or zero. The array has been
sketched in Figure 2.
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An investigation of the anti-diagonal sums

D MC)=MC, g+ MCy_1 1 +MCppp+...+MCop; N 20 @)
of this array reveals an interesting sequence:

Do(MC)=M, Dy(MC)=2 (53, b)

Dys1(MC) =2 - D\( MC) + Dy_y(MC), N > 1 (50)

It is easy to recognize that the Djy( ¥C) form a generalized Fibonacci series [2].
Further, by repeated use of (Sc), it can be observed that the infinite continued
fraction

QMc)=2+ 1 1 1 1
2+ 2+ 2+ 24 ... ©)
is the limit

Q(MC) = Limy — o [ Dya1( MC))/ IDMMC) | %)
From (6), now it follows that

QMcy=2+_1

Q(Mc) ®

whence

Q(MC)=14+v2 ®

is independent of the integer M. Thus, not only is this set of variants of the gift of
the tentmaker linked with the beautiful sequences of Fibonacci, a connection with
the diagonal (v2') of a square with unit sides has also been obtained.

Set No. 2 of Variations

Consider now a square array of integers MS, m that are generated using the
following variant of the algorithm (10):

MS,0=1n=0,1,2,3,..., (10a)
MSom=1m=0,1,2,3,..., (10b)
MS”,m =M-: MSn—l,m-l + MSn,,"_l + MS -1,m y B> 09 m>0. (IOC)

Here, (M + 1) = 0 must be an integer, and the array is shown in Figure 3. It should
be noted that 1S, ,, = 1 for all n and m, while %S, , = Py, -
An investigation of the anti-diagonal sums



4 / PASSOJA AND LAKHTAKIA

m( o 1 2 3 4 5
o 1 1 1 1 1 1
1 1 M+2 M+ 3 M+ 4 aM+5 5M + 6
2 1 2M+3 M2+6M+6  3M2+12M 6M? + 20M 10M? + 30M
+10 +15 +21
3 1 3M+4 MP+12M+10 M+ 12M2 4M° + 30M° 10M® + 60M2
+30M + 20 + 60M + 35 + 105M + 56
4 1 4M+5 6M2+20M+15 4M3 4+ 30M2 M* + 20M° sM* + soM®
+60M+35 1+ 9OM?+ 140M + 210M2 + 280M
+70 +126
5 1 5M+6 10M>+30M +21 10M®+60M°  5M* + 6OM° MC + 30M*
+105M + 56+ 210M° + 280M + 210M® + 560M°
+126 + 630M + 252
Figure 3. The array MS,,,,, .
Dp(MS) =MS, o+ MSy_11+MSy 22+ ... +MSon; N20 (11)
of this array reveals the generalized Fibonacci sequence:
DoMS)=1,  Dy(Ms)=2, (12a,b)
Dp,1(MS) =2 - D\(MS) + M - Dy_y(MS), N > 1. (120)
Repeated use of (12¢) leads to the infinite continued fraction
oMs)=2+ M M M M
2+ 24+ 2+ 2+ ... 13)
which is the limit
O(MS) = Lim y.oo, [ Divs1 (MS) ] / [ D(MS) ). (14)
It follows from (13) that
oMS)=2+ M .
oMs) @15)
whence
OQMS) =1+ V(M +1). (16)
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The second set of variants of Khayyim’s triangle has thus been linked to the
square roots of integers.
In conclusion, it is mentioned that the formula

DyMs)=[[1+VI+T ¥ - 1 -vOT+T) 1] 7207+,
M=z2-1, Nz0, an

is easily verified by direct substitution in (12). It is to be noted that (17) resembles
DeMoivre’s formula for the usual Fibonacci series. The readers are invited to

obtain a similar relation for Dy{ ¥ C) .
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