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Short Note

Addition theorems for handed spherical vector wavefunctions

A. Lakhtakia

Department of Engineering Science and Mechanics, The Pennsylvania State University, USA

Addition theorems for handed spherical vector wavefunctions.
Translational and rotational addition theorems for handed
spherical vector wavefunctions are given. It is shown that a
left- (resp. right-) handed field appears as a left- (resp. right-)
handed field, regardless of the placement and/or the orienta-
tion of the co-ordinate system utilized.

Additionstheoreme fiir hiindige sphirische Vektor-Wellenfunk-
tionen. Translations- und Rotations-Additionstheoreme fiir
hindige sphirische Vektor-Wellenfunktionen werden abge-
leitet. Es wird gezeigt, daf ein links- (resp. rechts-) handiges
Feld als links- (resp. rechts-) hindiges Feld erscheint, unab-
hingig von der Lage und/oder der Orientierung des verwen-
deten Koordinatensystems.

1. Spherical vector wavefunctions

Practitioners of electromagnetic theory generally prefer
linearly-polarized fields. With respect to the (right-hand-
ed) co-ordinate system (r, 8, ¢) centered at the origin O,
vector wavefunctions M,,,, and N,,, can be defined as [1]

M, (k; 1, 0, @) = hP(kr) exp[im ¢]

- {ey(im/sin ) K™ — e, 0B}, (1a)
N, (ks 7, 6, ¢) = e,(kr)"* kP (kr) exp [im @] n(n + B

+ (kr) ™1 [(©/0r) r b (k)]

- exp [im @] {e,(im/sin 0) B, + ¢,0B"},

(1b)

in which the integer n varies from 1 to oo; the integer m
varies from — nto + n; e,, ¢, and e, are the unit vectors
in the spherical co-ordinate system; B™ = B™(cos 0)is the
associated Legendre function and 0F™ is its derivative
with respect to 0; and h{M(kr) is the spherical Hankel
function of the first kind, k being the wavenumber. Both
of these wavefunctions independently satisfy the vector

Helmholtz equation, and are also divergenceless; each is
also proportional to the circulation of the other one:

VF2+ kM, =0 VxM,,=kN,, V-M,, =0 (2
V*+kN,,=0 VxN,,=kM,, V-N,, =0 (3)

Translational and rotational theorems for these wave-
functions are very useful in multiple scattering problems

[e.g., 2, 3], and have been investigated by several authors,
e.g., Friedman and Russek [4], Stein [5] and Cruzan [6].
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Since it is not the objective of this communication to
dwell on the addition theorems for the functions M,,, and
N,,.,., it will suffice to state the following results.

Let a rigid-body translation of the coordinate system
take place from origin O to another origin O’, with
(', 0', @) being the spatial variables in the primed co-or-
dinate system. Then, the translational addition theorems
are given as [5]

M, kr00)= ¥ X [C(w, vIm, n)
"M, (k; 7', 0', @) + D(u, v|m, n)
“Nonlk; v, 0, @], (4a)
Nolkirbg)= X 3 [Clvimn

Nl v, 0, ¢) + D(w, v|m, n)
"M, k7, 0, o], (4b)

in which the coefficients C(u, v|m, n) and D(u, v|m, n) are
also dependent on the location of O’ with respect to O.

Likewise, if a rigid-body rotation of the unprimed co-
ordinate system takes place, the new system being
(r, 0, "), then [5],

M, 06, 9)= 3 Blmn)M,,0.0,¢),  (2)
N0, 9)= X Blmn) N,,r 0, ¢), (5b)

m=-—n,..,n

in which the coefficient f(u, m, n) is given in terms of the
Euler angles of the rotation.

Thus, a general addition theorem for both rotations
and translations involves the transformation of M (or V)
into both M and N functions. The values of the coeffi-
cients C(u, v|m, n), D(y, v|m,n) and f(u, m, n) are too
complicated for inclusion in this communication; instead,
the interested reader is referred to Stein [5].

Before carrying on, a specific characteristic of the M
and N functions should be discussed. It should be noted
that only the /V functions contain radial components. On
the basis of this significant difference between the two
types of wavefunctions, it is quite common to decompose
any electromagnetic field into two types of modes. The
first mode is of the H-type in which the electric field is
represented by the M functions and the magnetic field by
the N functions: only the magnetic field has a radial
component. In the E-type modes, the electric field is rep-
resented by the NV functions and the magnetic field by the
M functions: only the electric field has a radial compo-
nent. Thus, the use of these functions, and of the conse-
quent addition theorems (4a, b}, gives rise to cross-polar-
ization terms in multiple scattering [7].
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2. Handed spherical vector wavefunctions

Rumsey [8] has suggested the use of circularly-polarized
fields, instead of linearly-polarized fields, in some time-
harmonic electromagnetic problems. His suggestion has
considerable merit for certain radiation and propagation
problems, and it has also been enthusiastically taken up
by Baum [9] in connection with EMP simulation studies.
Thus, following Bohren [10] handed spherical vector
wavefunctions can be defined as per the relations

(6a, b)

in which L,,, and R, ,, respectively, in the classical optics
notation approximate to left- and right-circularly polar-
ized plane waves for large krin a given direction e,. These
functions satisfy the vector Helmholtz equation, and are
also divergenceless; each one is proportional to its own
circulation:

VxL,,=kL v-L,,=0 )

mn

VxR,,=—kR,, V-R,,=0 (8)

Properly speaking, as a result of the circulation equations
that these functions satisfy, L and R are Beltrami func-
tions [11, 12].

With the aid of the expressions (4 a, b), it can be shown
that the translational addition theorems for L and R
functions are given as

L,.(kr,0,0)= ‘122 X [Clvimn
+ D, vim Wl L, (k;7,0', ¢"), (9a)
R,.(k;r,0,9) = 7122 2 [Clvimn)

— D, v|m, n)] R, (k; 7, 0", ¢").  (9D)

In the same fashion, the rotational addition theorems can
be found out to be

Lkr0,9)= X plmn) Lk, 6, ¢),
m=—Hn,..,n (10&)

R, k1. 0,9)= > Blu.mn)R,,(k;r,0,¢).
m=-—n,...,n (10b)

3. Discussion

This interesting aspect of the addition theorems (9a, b)
and (10a, b) for the L and R functions should be noted:
A left- (resp. right-) handed wavefunction is re-expressed
in terms of only left- (resp. right-) handed wavefunctions,

there being no cross-handed terms in either of these two
sets of addition theorems. This suggests that interaction
terms in scattering algorithms [7] involving more than
one nonspherical scatterer can be handled more easily
with L and R functions than with M and N functions.
This comment is of particular significance for chiral-chi-
ral composites [13] consisting of isotropic chiral inclu-
sions dispersed in an isotropic chiral host medium in an
isotropic chiral medium, the electromagnetic field must
be expressed in terms of handed vector wavefunctions
[14-16].

Another observation is as follows: a left- (resp. right-)
handed field appears as a left- (resp. right-) handed field,
regardless of the placement and/or the orientation of the
co-ordinate system utilized; it is, of course, understood
that all co-ordinate systems are right-handed. This is as
it should be: handedness cannot be reversed by any com-
bination of rigid body translations and rotations, but
only by a mirror inversion!
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